We determine the most general three-dimensional vacuum spacetime with a negative cosmological constant containing a non-singular Killing horizon. We show that the general solution with a spatially compact horizon possesses a second commuting Killing field and deduce that it must be related to the BTZ black hole (or its near-horizon geometry) by a diffeomorphism. We show there is a general class of asymptotically AdS 3 extreme black holes with arbitrary charges with respect to one of the asymptotic-symmetry Virasoro algebras and vanishing charges with respect to the other. We interpret these as descendants of the extreme BTZ black hole.
Introduction
A central result in the theory of equilibrium black holes in four and higher dimensions is the rigidity theorem [1] [2] [3] . This states that the event horizon of a stationary, rotating, black hole is a Killing horizon with respect to the Killing field
where ∂/∂t is the stationary Killing field, ∂/∂φ is a Killing field generating the rotational symmetry, and Ω the angular velocity of the black hole with respect to the static asymptotic frame. 1 For asymptotically flat space times, it is clear that if the angular velocity is non-zero, the Killing field K must become spacelike outside a large enough ball. Therefore, there is no possibility of having matter in equilibrium and co-rotating with the black hole (since it would have to exceed the speed of light).
Black holes in anti de Sitter (AdS) spacetimes are of central importance in the context of the AdS/CFT duality [4] . For such black holes the situation is quite different. In particular, for D ≥ 4 asymptotically globally AdS black holes, such as the Kerr-AdS black hole and its higher dimensional generalisation, the Killing field K is timelike everywhere outside the horizon if |ℓΩ| ≤ 1, where ℓ is the radius of AdS. In this case K defines a frame in which matter can corotate in equilibrium with the black hole. This raises the interesting possibility of having black holes which are invariant under a single Killing field K. Matter here refers also to gravitons, hence this argument suggests the possibility of new vacuum solutions.
2 Although Kerr-AdS black holes are thought to be stable if |ℓΩ| ≤ 1 [5] , it has been proposed that new solutions invariant under just the co-rotating Killing field may arise as the endpoint of a superradiant instability which occurs for rapidly rotating Kerr-AdS black holes (i.e. |ℓΩ| > 1) [6, 7] .
Finding new vacuum black hole solutions invariant under a single Killing field is a daunting task. By coupling matter fields which are invariant under just the co-rotating Killing field, one may avoid the complication of dealing metrics with a single Killing field. Indeed, examples with a complex scalar field have been found numerically [8] (see also [9, 10] ). In this note we follow a different strategy by examining this problem in pure gravity in lower dimensions.
Although there are no local degrees of freedom, three-dimensional Einstein gravity with a negative cosmological constant provides a valuable toy model for examining certain higher dimensional questions [11] . Brown and Henneaux demonstrated that there exist boundary conditions such that the asymptotic symmetry algebra is the infinite dimensional conformal symmetry of a cylinder [12] . Furthermore, Banados-Teitelboim-Zanelli (BTZ) found explicit black hole solutions to the D = 3 Einstein equations [13, 14] . Although locally AdS 3 , globally this is a family of stationary and axisymmetric black holes which are asymptotically AdS 3 with a cylinder conformal boundary and possess mass M and angular momentum J.
The BTZ black holes always satisfy |ℓΩ| ≤ 1. For the non-extreme black hole (|ℓΩ| < 1) the Killing field K is everywhere timelike outside the horizon, whereas for the extreme black hole (|ℓΩ| = 1) the Killing field K is everywhere null. By the above arguments, this raises the possibility of black hole solutions invariant under a single Killing field. However, the BTZ black hole does not suffer from a superradiant instability (since it never rotates faster than the speed of light, the stability argument used in higher dimensions can be applied [5] ). Therefore, such putative solutions may not arise from the evolution of some perturbation of the BTZ black hole. Indeed, stationary and axisymmetric black holes which are coupled to a complex scalar field invariant under a co-rotating Killing field, have been argued not to exist [15, 16] .
In this note we show that in fact black holes with a single Killing field do not exist in three dimensional Einstein gravity, by explicitly determining the most general Einstein metric with a (non-singular) Killing horizon. It turns out the general solution with a spatially compact horizon always possesses a second commuting Killing field and hence must be related to the BTZ black hole (or its near-horizon geometry) by a diffeomorphism. Interestingly, in the case of a degenerate horizon the general solution is related to the extreme BTZ black hole by a large diffeomorphism. Our results establish a new type of uniqueness theorem for three-dimensional AdS black holes.
3
In fact, the general solution may have an interesting interpretation in the dual CFT. One expects that by acting on the BTZ black hole with a general element of the asymptoticsymmetry diffeomorphism group, one would obtain AdS 3 solutions with arbitrary Virasoro charges. We refer to these as descendants of the BTZ black hole. 4 These new solutions should also have two commuting Killing fields, corresponding to the push-forward of the Killing fields of the BTZ black hole. 5 If these geometries still contain a Killing horizon, they must be within our general class of Einstein metrics. Indeed, we identify a general class of extreme black holes that are asymptotically AdS 3 with cylinder boundary, which carry arbitrary charges with respect to one of the Virasoro algebras and vanishing charges with respect to the other. Hence these geometries are descendants (in the above sense) of the extreme BTZ black hole.
Before moving on, we mention a technical motivation which led us to investigating this problem in the extreme case. An important inverse problem is to understand how, given a near-horizon geometry, one determines the possible corresponding extreme black holes. As we will show, three dimensional gravity provides a simple setup which allows one to examine this question explicitly.
General solution

Derivation
Consider a general 2 + 1 dimensional spacetime containing a smooth 6 Killing horizon N of a future-pointing, complete, Killing field K with a one-dimensional spacelike cross-section H. In the neighbourhood of N the metric in Gaussian null coordinates reads, see e.g. [21] ,
where K = ∂/∂v is the Killing field which is null on N and ∂/∂λ is tangent to null geodesics which are transverse to the horizon N such that λ > 0 is the exterior region and N = {λ = 0}. The coordinate (x) is on the one-dimensional spacelike cross-section H, which by assumption has a non-degenerate induced metric so γ > 0 in the neighbourhood of N . We wish to find the general vacuum solution of this form with a cosmological constant R µν = Λg µν . Of course any Einstein metric in three dimensions is locally isometric to one of the maximally symmetric spaces: we are concerned with spacetimes with a global Killing horizon as above.
To compute the Ricci tensor it is convenient to use the null-orthonormal basis (e + , e − , e x ) defined by e + = dv , e
so that the metric reads ds 2 = 2e + e − + e x e x . It turns out that the function defined by
appears naturally in the curvature calculations. We find that with respect to the above basis 4 Note that these are not descendants of pure states in the dual CFT. 5 We thank Harvey Reall for this observation. 6 In fact, rather than smooth, we will only need to assume the functions f, h are C 1 and γ is C 2 .
the Ricci tensor is
The −− component of the Einstein equations immediately implies γ = γ 0 (x) + λγ 1 (x), where γ 0 (x), γ 1 (x) are arbitrary functions. We may use the coordinate freedom on H to set γ 0 = 1, which we will assume henceforth. The −x component can be easily integrated for h and the most general solution which is regular at λ = 0 is
where h 0 is an arbitrary function. Now consider the +− and xx components. This is facilitated by noting that the Einstein equation implies
Λ, which explicitly reads
This can now be integrated for f and the most general solution regular at λ = 0 is
where f 0 is an arbitrary function. Now, the xx equation is satisfied iff
It remains to consider the ++ and +x components. It is easy to see these are satisfied if and only if λb/γ is a constant. Hence by regularity at λ = 0 we deduce b = 0. Finally, by substituting into (4) one finds b = ∂ x f 0 and so we deduce that f 0 (x) = −2κ, where κ is a constant. We have now satisfied all components of the Einstein equation.
To summarise, we have found that the most general solution with a non-singular Killing horizon is given by:
where κ is a constant and h 0 , γ 1 are arbitrary functions subject to the constraint
The various quantities which appear in the solution all have a direct geometrical meaning. The 1-form h 0 dx is the connection of the normal bundle on H, viewed as a submanifold of the spacetime. The function γ 1 = θ| λ=0 where θ is the expansion of the null geodesic congruence tangent to ∂/∂λ, i.e. θ = γ −1 ∂ λ γ. The constant κ is the surface gravity on the Killing horizon, i.e. dK 2 | λ=0 = −2κK| λ=0 . In the non-degenerate case, κ = 0, the constraint equation (10) can be solved to determine the extrinsic data γ 1 in terms of the intrinsic data h 0 , so the solution depends on the constant κ and one freely specifiable function on the horizon h 0 (x). On the other hand, in the degenerate case, κ = 0, we deduce that the constraint equation (10) reduces to the Einstein equation for the near-horizon geometry [21] and γ 1 (x) is an arbitrary function on H. Hence, once the nearhorizon solution has been fixed, the degenerate solution depends only on one freely specifiable function γ 1 (x). This explicitly shows that decoupling of intrinsic and extrinsic data occur if and only if the horizon is degenerate.
In general, Gaussian null coordinates are only defined in a neighbourhood on the horizon, in particular, as long as the transverse null geodesic congruence ∂/∂λ does not caustic. For our solution, observe that if γ 1 (x 0 ) < 0 for some x 0 the transverse null geodesics converge initially, i.e. θ(λ, x 0 ) < 0 for small λ, and furthermore θ → −∞ as λ → 1/|γ 1 (x 0 )|. On the other hand, if γ 1 (x) ≥ 0 it is clear the coordinate system can be extended to all positive values of λ.
We emphasise that our general solution is valid for any cosmological constant. Motivated by the discussion in the introduction, in this note we will focus on AdS solutions with compact cross-sections of the horizon. Therefore, henceforth we set Λ = −2/ℓ 2 and H ∼ = S 1 . We thus identify x ∼ x + 2πR, where R > 0 is the radius of the horizon, and assume the functions h 0 (x), γ 1 (x) are 2πR-periodic. Thus, if γ 1 (x) > 0, then λ → ∞ is a conformal boundary with boundary metric
If h 0 is constant we may define coordinates t = v and dφ = γ 1 (x)dx + 1 2
h 0 dv which explicitly show the boundary is a flat cylinder. This will be relevant below.
Extra Killing field
We will now show that under the assumptions H ∼ = S 1 and Λ < 0, our general solution in fact always possesses a second Killing field which commutes with K and is globally defined (i.e. it is compatible with the periodic identification x ∼ x + 2πR).
A tedious calculation shows that for the general non-degenerate case κ = 0, the most general Killing field which commutes with K is (a multiple of)
where c is a constant and we have used (10) . Observe that this Killing field is globally defined, tangent to the horizon N and has closed orbits.
For the general degenerate case κ = 0, equation (10) shows h 0 is determined by the nearhorizon equation
It has been shown that the most general solution on H ∼ = S 1 is h 0 = 2/ℓ (choosing a sign), which corresponds to the near-horizon geometry of the extreme BTZ black hole [21] . In this case, it can be shown that the most general globally defined Killing field which commutes with K is (a multiple of)
where c is a constant and y(x) is the unique periodic solution to
Again, note that this Killing field has closed orbits and is also tangent to the horizon. Thus in either case we see that a general spacetime containing a Killing horizon with compact cross-sections always possesses a second Killing field X with closed orbits which commutes with K, i.e. it is axisymmetric.
7 Since X is tangent to the horizon, we could always choose a different cross-sectionH ∼ = S 1 such that X is tangent toH for some constant c. In this case, the solution written in Gaussian null coordinates (ṽ,λ,x) adapted to this new cross-sectionH, must take our general form (9) but withh 0 ,γ 1 constant functions. It is then easy to see the solution is given by the BTZ black hole or its near-horizon geometry, as we show next.
Thus suppose that ∂/∂x is a Killing field with closed orbits so h 0 and γ 1 are constant functions. Using the discrete transformations x → −x and (v, λ, κ) → −(v, λ, κ) we may always arrange h 0 ≥ 0 and γ 1 ≥ 0, respectively.
If γ 
where we have defined the functions
gives
which is the BTZ black hole solution. If κ ≥ 0 the horizon λ = 0 corresponds to the outer horizon, whereas if κ < 0 the horizon λ = 0 corresponds to the inner horizon. If γ 1 = 0, the constraint (10) can be immediately solved to get h 0 = 2/ℓ and hence the solution in this case simply reads
If κ = 0 this is the near-horizon limit of the extreme BTZ black hole. If κ = 0 this is the decoupling limit of the near-extreme BTZ black hole.
General solution with a degenerate horizon
In this section we will study the general solution containing a degenerate horizon (κ = 0) with compact cross-sections H ∼ = S 1 . A shown above, the general spacetime in this case is given by
where γ 1 (x) is an arbitrary periodic function γ 1 (x + 2πR) = γ 1 (x).
Large diffeomorphism
We now explicitly show that this solution is globally isometric to the BTZ black hole, or its near-horizon geometry, by introducing coordinates adapted to the two commuting Killing fields K = ∂/∂v and X given by (14) . The inner products of the Killing fields are thus:
Define a third vector field U by:
It is easy to show that
where e x = 1 γ (∂ x − λh∂ λ ) is a dual vector to the basis (3) and the function C satisfies
The discriminant of this quadratic is simply X 2 . Hence the unique solution which is regular on the horizon is
where we must have X 2 > 0. Now a tedious calculation shows that [X, U] = 0 if and only if
Remarkably, it can be shown that (24) automatically satisfies (25). This allows us to deduce that a new coordinate system (ṽ,λ,x) exists such that
From (22) 
where in the second equality we used (24). Hence, integrating and fixing the horizon to be at λ = 0 we get
Therefore, the metric in the new coordinates is
This expresses the solution in Gaussian null coordinates adapted to a cross-sectionH ∼ = S 1 which is tangent to X. It is thus takes our general form (20) withγ 1 = 2c/ℓ a constant. As we showed above this is the extreme BTZ black hole (c = 0) or its near-horizon geometry (c = 0). The results of the next section will show that the diffeomorphism constructed above must be a large diffeomorphism.
Asymptotic charges
We now consider the extreme solution in a chart adapted to a general cross-section, i.e. the spacetime (20) . We will assume that the transverse null geodesics ∂/∂λ are strictly expanding, i.e. γ 1 (x) > 0. This ensures it is asymptotically AdS 3 with a cylinder conformal boundary. In fact since h 0 is constant and x is periodically identified, this immediately follows from (11) .
To see this in more detail, consider the coordinate change defined by
where the function
To derive this coordinate change, we expanded the one for extreme BTZ (16) for large r and then allowed the subleading terms to depend on x. Observe that the coordinate change (30) forces φ to be a periodic coordinate with period 2πR 0 γ 1 (x)dx. By scaling (v, λ, γ 1 ) → (cv, c −1 λ, cγ 1 ), we may always fix the period of φ to be 2π. In these coordinates our general metric (20) has the following asymptotics
for r → ∞, which explicitly shows that our spacetime is asymptotically AdS 3 in the sense of Brown and Henneaux [12] . Observe that for large r
and hence asymptotically x is purely a function of φ− t ℓ (note the coordinate change is invertible due to our assumption γ 1 > 0).
From the subleading terms in (32) we may compute the asymptotic charges of this solution. The asymptotic-symmetry generators are [12] 
where . . . denotes subleading terms and also terms proportional to ∂ r which will not be needed. The conserved charge Q[ξ] associated to an asymptotic symmetry generated by a vector field ξ is an integral at fixed time t over the boundary circle at spacelike infinity r → ∞. We find that, relative to the zero mass BTZ solution, the Virasoro charges are
where as noted above asymptotically x is only a function of φ − t ℓ . Thus our general solution generically carries non-zero charges only in one of the Virasoro algebras. In particular, the
where in the final equality we converted to the x coordinate (at constant t) and used the explicit form of β together with periodicity. Thus we see that the mass/angular-momentum relation satisfied by the extreme BTZ black hole persists for this class of spacetimes. However, unlike the BTZ black hole, these carry arbitrary non-zero charges with respect to all the Virasoro generators L n ] = 0 for all n = 0, then the function β must be a constant and hence (31) implies γ 1 must be a constant (using periodicity) and we recover the BTZ black hole. Therefore, these geometries may be interpreted as descendants of the extreme BTZ black hole.
Non-degenerate horizon
In this section we study the general solution containing a non-degenerate horizon (κ = 0) with compact cross-sections H ∼ = S 1 . As shown above, the general solution is given by (2) , (9) and is determined by the constant κ and an arbitrary function h 0 (x), with γ 1 (x) then determined by (10) . These functions must be periodic with x ∼ x + 2πR.
We will also assume that γ 1 (x) > 0 so the transverse null geodesics ∂/∂λ are strictly expanding and that κ > 0 to ensure the null generators are future complete. Under these conditions, it can be shown that (10) implies
for all x (otherwise h 0 is monotonic, contradicting periodicity). In fact, this condition implies the Killing field K is timelike everywhere outside the horizon. We will first analyse the conformal boundary of this Einstein spacetime. The main complication arises due to the fact that the conformal boundary metric in the frame defined by equation (11) is not flat for non-constant h 0 (x). Remarkably, we find there is a simple Weyl transformation on the boundary which makes (11) a flat cylinder and is consistent with the global identifications we already have (i.e. x periodic and v not). It may be verified that
where
is a flat metric for any h 0 (x), γ 1 (x). Indeed, this can be seen by performing the coordinate change
where c β = cosh β, s β = sinh β and β is a constant "boost" parameter, which gives
Observe that we have to include the boost β (which is a large diffeomorphism) in order to ensure that the coordinate t is not periodically identified. The condition to avoid identifications of t corresponds to the following specific choice of boost:
which we assume henceforth. Observe that due to γ 1 > 0 and (38),
so a unique value for this special boost always exists. Furthermore, by a discrete transformation x → −x we may always arrange β ≥ 0, which we will assume below. Also note that ∂φ/∂x > 0 so the coordinate φ inherits a periodicity from x. By scaling (v, λ, γ 1 ) → (cv, c −1 λ, cγ 1 ), we may always fix the period of φ to be 2π. Hence, in the above conformal frame the boundary is indeed globally a flat cylinder, as claimed.
We will now compute the asymptotic charges by working in the cylinder conformal frame. Consider the coordinate change defined by
In these coordinates we find that the metric for r → ∞ has the following behaviour:
which is of Brown-Henneaux form and hence suitable for reading off the conserved charges.
Observe that asymptotically x is a function of both φ ± t/ℓ. Hence a priori, one would expect the Virasoro charges Q[L ± n ] = 0 for all integers n. In fact, performing the computation, we actually find that
Therefore, we see that all higher Virasoro charges vanish, whereas the zero mode charges give the following mass and angular momentum
Observe that
Therefore, our spacetime has precisely the same Virasoro charges as the non-extreme BTZ black hole. It follows that it must be diffeomorphic to the non-extreme BTZ black hole. Hence, in contrast to the extreme case, we do not obtain descendants of the non-extreme BTZ black hole (which would possess arbitrary charges with respect to all L ± n and thus be related by a large diffeomorphism). 8 This follows from the fact that the Fefferman-Graham expansion (50) terminates in three-dimensions and that
Discussion
Another way of understanding our results may be as follows. The Fefferman-Graham expansion for three-dimensional Einstein spacetimes terminates and hence the conformal boundary metric and stress tensor determine the full spacetime [19] . For asymptotically globally AdS 3 spacetimes, so a cylinder conformal boundary metric − dt 2 ℓ 2 + dφ 2 where φ ∼ φ + 2π, it is easy to determine the general Einstein spacetime [20] 
where z = 0 is the conformal boundary, √ 2x ± = φ± t ℓ are lightcone coordinates on the cylinder, and the two arbitrary functions T ± (x ± ) are the components of the boundary stress tensor. Now, suppose (50) describes a black hole with a horizon invariant under a Killing field of the form (1). If |ℓΩ| = 1, then it is straightforward to show that both T ± (x ± ) must be constant functions and hence the spacetime is stationary and axisymmetric (if T ± > 0 this is the BTZ black hole). On the other hand, if |ℓΩ| = 1, then only one of ∂ + or ∂ − is a Killing field; without loss of generality suppose Ωℓ = 1 so K ∝ ∂ + . Then T + (x + ) is again a constant, although now T − (x − ) can be an arbitrary function. It then follows that |K| 2 = T + is a constant and therefore such a Killing horizon exists if and only if T + = 0. In this case, K is a globally null Killing field and since by assumption it is tangent to the black hole horizon, the horizon must be degenerate.
This simple argument allows for extreme black holes more general than extreme BTZ, which are related by a large diffeomorphism to the extreme BTZ. Furthermore, it also does not appear to allow for more general non-extreme black holes with a Killing horizon. This picture is consistent with the results derived in this paper, which were obtained by determining the most general three-dimensional Einstein metric containing a Killing horizon.
The asymptotic Virasoro charges of our general extreme black hole show that these geometries can be interpreted as descendants of the extreme BTZ (as defined in the introduction). It would be interesting to better understand their CFT interpretation. On the other hand, we did not find descendants of the non-extreme BTZ black hole within our general solution with a non-extreme horizon (these would be related by a large diffeomorphism). 9 This indicates that the descendants of the non-extreme BTZ black hole do not have a Killing horizon. It would be interesting to understand this by directly analysing under what conditions the general Einstein metric (50) contains a non-singular horizon.
